In this paper we are concerned with bringing together two distinct notions of the representation theory of quantized enveloping algebras, those of crystal bases and completions.
Introduction
In this paper we are concerned with bringing together two distinct notions of the representation theory of quantized enveloping algebras, those of crystal bases and completions.
The theory of crystal and canonical bases is one of the most remarkable developments in representation theory. It was introduced independently by M. Kashiwara [6, 7] and G. Lusztig [10] in a combinatorial and a geometric way, respectively. In this paper we follow Kashiwara's approach. Roughly, a crystal basis of an integrable representation for the quantized enveloping algebra U q (g) of a symmetrizable Kac-Moody algebra g is a pair consisting of a lattice of the module, called a crystal lattice, and a vector space basis of a quotient of the crystal lattice, called a crystal. It is actually a certain parametrization of bases of the module with a number of desirable properties and it encodes the intrinsic structure of the module in a combinatorial way. One of the most important combinatorial realizations of crystals is Littelmann's path model [8, 9] . In [7] , beside defining crystal bases of integrable representations, Kashiwara also defined the crystal basis of the quantization U − q (g) of the universal enveloping algebra of the nilpotent part of g by considering U − q (g) as a module for Kashiwara's algebra B q (g). Although the former was the main goal of [7] , the latter provided a way to simultaneously consider the bases of all integrable representations, and the interplay of the two notions of crystal bases played a central role in the paper. Other examples of papers concerned with crystal bases or crystals of representations which are not necessarily integrable include [1] , [5] , [12] , and [13] .
A notion of completion was introduced by T. Enright [3] on the category I(g) of weight modules of a finite dimensional semisimple Lie algebra g that are U − (g)-torsion free and U + (g)-finite. Completion is an effective process of obtaining new representations from a given one, containing the original one as a subrepresentation. Enright used the completion functor for the construction of the fundamental series representations. The process of completion essentially depends on the U q (sl 2 )-representation theory. In [3] Enright also showed that Verma modules together with the projective covers of irreducible Verma modules, which we call T modules, exhaust all the indecomposable objects of I(sl 2 ). V. Deodhar [2] introduced negative powers of some elements of g and realized the completion functor via Ore localization giving a concrete model of completion and used it to prove Enright's uniqueness conjecture arising from considering successive completions. Later, Y.M. Zou [14] showed that the above results, among others, can be carried over to the quantum groups setting.
The starting goal of this work was to study both crystal bases and completions of modules belonging to the category I (U q (g)) and examine how they relate to each other. A natural approach when discussing crystal bases of these U − q -torsion free modules is to view them as B q (g)-modules. On the other hand, in regard to completions we think of them as U q (g)-modules. This aspect makes the situation more interesting and a synchronization of the two structures becomes essential. As there are number of points to take care of already for I = I (U q (sl 2 )), we mostly focus on this case.
We introduce a category I consisting of U q -modules in I with a compatible B q -structure and obtain a decomposition of every module in I into a direct sum of Verma and T modules which are simultaneously U q and B q -invariant (cf. Theorem 2.4). Due to this decomposition, we are able to introduce weight spaces into our consideration of crystal bases of modules in I even though these crystal bases arise from the B q -structures. Thus, we get a setting resembling the one of integrable U q -modules. We define a notion of a complete crystal basis and a completion of a crystal basis. In the process, we take advantage of a symmetric action of the Kashiwara operators e and f on crystal bases. However, unlike the case of modules where the completion of a module contains the module, one cannot expect a completion of a crystal lattice to contain the crystal lattice; this being indeed clear from the case of Verma modules. Our definition of completion of bases involves a very natural connection of crystal bases arising from B q -structures with the ones arising from U q (g)-structures. We prove that a crystal basis is complete if and only if its corresponding module is. We also show that every module in I has a crystal basis which can be completed and moreover a completion of the crystal lattice is unique. (cf. Theorems 3.5 and 3.6.)
The paper is arranged as follows. In Section 1, we set the notation and review relevant results on completions and crystal bases. In Section 2, we consider some natural B q -structures on Verma modules and T modules, collect the desirable properties that a B q -structure should have with respect to a U q -structure in order to define the category I, and prove the simultaneous decomposition theorem for modules in I. In Section 3, we look into the crystal bases with which modules in I are naturally endowed via their B q -structures, define complete crystal bases, show they correspond to complete modules, define a completion of a crystal basis, and prove the aforementioned Theorems 3.5 and 3.6. In Section 4 we give two constructions of the completion of a crystal lattice -one obtained by modifying Deodhar's model of completion of modules and the other by applying an operator used by Kashiwara in [6] to construct the operators e and f . where e
Denote by U + q (g) (resp. U − q (g)) the subalgebra of U q (g) generated by e i (resp. f i ), 1 ≤ i ≤ l. Let U 0 q (g) be the subalgebra of U q (g) generated by t i and t
Denote by U q (g) i the subalgebra of U q (g) generated by e i , f i , t i and t
1.2. Let h be a Cartan subalgebra of g and Φ the root system of (g, h). Let {α i } 1≤i≤l ⊂ h * be a set of simple roots of g and {h i } 1≤i≤l ⊂ h the corresponding set of coroots so that
Zα i be the root lattice and P = {λ ∈ h * | λ(h i ) ∈ Z, 1 ≤ i ≤ l} the weight lattice for g. Also,
Denote by W be the Weyl group of Φ and by s i the reflection with respect to the simple root
For a U q (g)-module M and λ ∈ P , we define the λ-weight space of M as
M is a weight module if it is a direct sum of its weight spaces. If in addition there exist λ ∈ P and a nonzero vector m ∈ M λ such that e i · m = 0 for all i and M = U q (g) · m, then M is a highest weight module with highest weight λ and highest weight vector m.
is the universal highest weight module of weight λ. The unique irreducible quotient V (λ) of M (λ) is finite dimensional iff λ ∈ P + .
1.3.
We recall the definitions and some properties of category I, completions, and T modules (cf. [2] , [3] , [4] , [14] ).
Let I (U q (g)) be the category of U q (g)-modules M satisfying: (i) M is a weight module, (ii) U − q (g)-action on M is torsion free, and (iii) M is U + q (g)-finite, i.e., e i acts locally nilpotently on M for all i.
is bijective for all n ∈ Z + . A module N in I (U q (g)) is a completion of M with respect to i provided: (i) N is complete with respect to i, (ii) M is imbedded in N , and (iii) N/M is f i -finite.
Theorem. (cf. [2] , [3] , [14] ) (i) Every module M in I (U q (g)) has a completion C i (M ) with respect to i (1 ≤ i ≤ l) and any two such completions are naturally isomorphic. (ii) Let w ∈ W and M ∈ I (U q (g)). For any two reduced expressions w = s i1 . . .
Thus the process of completion depends essentially only on the U q (sl 2 )-representation theory and so we pay special attention to the case g = sl 2 .
1.4. For brevity, write U q = U q (sl 2 ) and I = I (U q (sl 2 )). Denote the generators of sl 2 by e, f, t ±1 .
Let n ∈ Z. The quantum Casimir element C = qt + q
(q − q −1 ) 2 + f e acts on the Verma module M (n) as multiplication by scalar c n =
It is an indecomposable module belonging to the category I and 0
Theorem. (cf. [3] , [14] ) (i) The M (n) (n ∈ Z) and the T (n) (n ∈ Z + ) are precisely all the indecomposable objects of the category I. Among these, the M (n) for n ≥ −1 and T (n) for n ∈ Z + are the complete ones. The completion of M (−n − 2) is M (n) for n ≥ −1.
(ii) Every module in I is a direct sum (not necessarily finite) of indecomposable ones.
1.5. In the subsections that follow, we recall the main results on Kashiwara's crystal bases. (cf. [7] .)
(Ker e i ∩ M λ ). Hence, every element u ∈ M λ can be uniquely written
i u k where u k ∈ Ker e i ∩ M λ+kαi . The Kashiwara operators e i and f i are defined by
Also, if u ∈ Ker e i and n > 0, then f i n u = f (n) i u. Let A be the subring of Q(q) consisting of rational functions regular at q = 0.
For λ ∈ P + , consider the finite dimensional irreducible U q (g)-module V (λ) with highest weight λ and highest weight vector u λ . Let L(λ) be the smallest A-submodule of V (λ) containing u λ which is stable under f i 's, i.e., L(λ) is the A-span of the vectors of the form f i1 . . . f ir u λ , where 1 ≤ i j ≤ l and
is a crystal basis of V (λ) (cf. [7] , Theorem 2).
Since crystal bases are stable under direct sums, every finite dimensional U q (g)-module M has a crystal basis.
Isomorphism of crystal bases is defined as follows:
Definition. Let (L 1 , B 1 ) and (L 2 , B 2 ) be crystal bases of finite dimensional U q (g)-modules M 1 and M 2 , respectively. We say that ( [7] , Theorem 3).
1.7.
Kashiwara's algebra B q (g) (cf. [7] , [11] ) is the Q(q)-algebra generated by e ′ i and f i , 1 ≤ i ≤ l, subject to relations
For the case g = sl 2 , write B q = B q (sl 2 ). Then the generators e ′ and f of B q satisfy
. Define
where e ′ i acts as described and f i acts by the left multiplication. Moreover,
Define Kashiwara's operators e i , f i ∈ End (M ) by
for u ∈ Ker e ′ i and extend linearly. Then e i f i = 1. Also, f i e i is the projection onto
Isomorphism of crystal bases of modules in O (B q (g)) is defined analogously to isomorphism of crystal bases of finite-dimensional modules replacing U q (g) by B q (g) in Definition 1.6.
It will be clear from the context if we mean crystal basis in the sense of Definition 1.5 or in the sense of Definition 1.8. Otherwise, we will make the distinction.
The relation of (L(∞), B(∞)) to (L(λ), B(λ)) is given by [7] , Theorem 5.
U q -modules with B q -module Structure
In this section we are concerned with U q -modules endowed with B q -module structures which allow decompositions that are simultaneously U q and B q -invariant.
2.1.
For λ ∈ P , we consider M (λ), the Verma module with heighest weight λ. If m λ is a highest weight vector of
Using the same symbols for f i and e ′ i in both cases should create no confusion.
Remark. The following conclusions are evident.
We emphasize Remark 2.1(5) at this point. For example, in sl 2 -case, M (−n − 2) is a submodule of M (n)(n ∈ Z + ) with respect to the U q -structure, but as B q -modules M (−n − 2) ∼ = M (n).
2.2.
Next, we study the B q -structure on T modules and therefore we consider g = sl 2 . Let n ∈ Z + . We aim to extend the B q -action on M (n) embedded in T (n) to the whole of T (n).
Let z be a U q -generator of T (n) of weight −n − 2 and let v be a highest weight vector of the Verma submodule of T (n) with highest weight n.
We define f, e ′ ∈ End (T (n)) using (2.1) and f, e
The next assertion is easily seen.
Lemma. Equations (2.2) define a B q -module structure on T (n).
Remark.
(
We call the above standard B q -structures on Verma and T modules.
2.3.
We now consider the category I and collect together desirable properties that any B q -structure must have with respect to the U q -structure so that a synchronization of the two would be plausible.
Let
Definition. Let I be the category with objects all finitely generated U q -modules M in the category I which are also equipped with a B q -module structure satisfying the following conditions:
Morphisms are defined to be Q(q)-linear maps that are both U q and B q -morphisms.
The following lemma and proposition are immediate.
By the above lemma, the action of e ′ on M is determined by its action on M f · M .
Proposition. (i)
The modules M (r), r ∈ Z, and T (n), n ∈ Z + , with the standard B q -structures belong to I. (ii) Finite direct sums of modules in I are also in I.
2.4.
We next aim to show:
for some s > 0, where:
Proof. If follows from Theorem 1.4 and finite generation of
where, as U q -modules, N (j) ∼ = M (r j ) for some r j ∈ Z for 1 ≤ j ≤ p, and
For 1 ≤ j ≤ p, let m j be a highest weight vector of N (j) . It is clear that m j / ∈ f · M and e · m j = 0. So by Definition 2.3(b), e ′ · m j = 0. It then follows from Lemma 2.3 that N (j) is stable under e ′ , i.e., N (j) is a B q -submodule as well, and moreover it is equipped with the standard B q -structure. Now consider N (p+1) which is U q -isomorphic to T (n p+1 ) and for simplicity let n = n p+1 and N = N (p+1) . Let z be a U q -generator of N of weight −n − 2 and let v be a highest weight vector of the Verma submodule of N with highest weight n. Note that z / ∈ f · M, e · z = 0, and z ∈ M cn . So by Definition 2.3(c), there exist a Q(q)-subspace T of M which is both U q and B q -isomorphic to T (n) with standard B q -action and a generator z of T such that e · z = e · z. Set w = z − z. Then e · w = 0 and w is of weight −n − 2.
Hence w = w R + w N for some w R ∈ R, w N ∈ N , and e · w R = 0 = e · w N . Since w N is of weight −n − 2, it is a linear combination of z and f n+1 v and since e · z = 0, then w N = αf n+1 v for some α ∈ Q(q). Consider z 0 = z − w N = z − αf n+1 v. Then, z 0 also generates N and z 0 = w R + z. Therefore N ⊆ R + T and so M = R + T . It is easily seen by weight consideration that the U q -submodule R ∩ T of T cannot be isomorphic neither to T nor to Verma submodules of T since the corresponding weight spaces of T and N have the same dimension and R + T = R ⊕ N . Hence R ∩ T = {0}, and so M = R ⊕ T as U q -modules.
Therefore, we can replace N (p+1) in the direct sum we started with by T . Denote T by T (p+1) . Now we replace in the same way one by one the U q -submodules
. This proves the theorem.
Corollary. Let M be in I. Then:
(ii) Ker e has a Q(q)-basis consisting of weight vectors of the form f k u where k ∈ Z + and u ∈ Ker e ′ .
Completions of Crystal Bases of Modules in the Category I
Now we consider crystal bases in the sense of Definition 1.8 for modules in I with any B q -structure. Since every module in I has completion belonging to I, as well as a crystal basis, it is natural to examine the interplay between these two concepts. We aim to define a notion of completion of crystal bases of modules in I that will be compatible with the notion of completion of modules.
Let m, n ∈ Z
+ . Recall (cf. [7] ),
for n > 0 and m 0 = 1.
Denote by A × the units in A. The next lemma is immediate and it holds for crystal lattices both in the sense of Definition 1.8 and in the sense of Definition 1.5.
Lemma. Let L be a crystal lattice of a module M and let
L = q r aL for some r ∈ Z and a ∈ A × . Then L is also a crystal lattice of M . If r > 0 then L L, while if r < 0 then L L. If r = 0 then L = L.
3.2.
The following proposition is an analogue of a statement for crystal bases of finite dimensional modules, i.e., in the sense of Definition 1.5. We give a proof for reader's convenience.
Proposition. Let M and M
′ be in O (B q (g)) and let ϕ :
Proof. Consider the decompositions of both M and M ′ as in (1.4) and e i and f i defined as in (1.5).
It is plain that Ker e
and both e i and f i commute with ϕ.
is an A-module isomorphism, and so the induced map
Clearly both e i and f i commute with ϕ.
For λ ∈ P , let m λ be a highest weight vector of the Verma module M (λ) and let ϕ λ :
is a crystal basis of the Verma module M (λ). Every crystal basis of M (λ) is a nonzero scalar multiple of (L
Example. If g = sl 2 and r ∈ Z, then any crystal basis of the Verma module M (r) is of the form (
3.3. Henceforth, we concentrate on the U q (sl 2 )-case.
The next corollary follows immediately from considering the map ψ n :
q is equipped with the obvious B q -structure. Corollary. Let z be a U q -generator of T (n) of weight −n − 2 and let v be a highest weight vector of Verma submodule of T (n) with highest weight n. Set
is any crystal basis of T (n), then there exist z and v as above such that (L, B) is of the form (L {n} , B {n} ).
The following theorem now easily follows from Theorem 2.4, Corollary 3.2 and Corollary 3.3.
Theorem. Let M be a module in the category I. Then M belongs to the category O(B q ) and there exist unique integers r 1 , ..., r m and unique nonnegative integers n 1 , ..., n t such that M has a crystal basis (L, B) which is a direct sum of crystal bases of the form (L (ri) , B (ri) ), for i = 1, ..., m, and crystal bases of the form (L {nj } , B {nj } ), for j = 1, ..., t. Furthermore, any crystal basis of M is isomorphic to (L, B).
Definition. We call the crystal basis (L, B) from the previous theorem a standard crystal basis of M .
Evidently, the integers r 1 , ..., r m and n 1 , ..., n t depend only on M and not on (L, B). Every crystal basis of an indecomposable module in I is obviously a standard crystal basis.
3.4.
For M in I, recall the decomposition M = ⊕ k≥0 f (k) Ker e ′ (see 1.8) . By Corollary 2.4, Ker e ′ = ⊕ n∈Z (Ker e ′ ∩ M n ). Thus we bring the weight spaces of M in the picture and have:
Lemma. Let M be in I and let L be a crystal lattice of
Furthermore, utilizing (3.1) and commutation relations,
Definition. Let L be a crystal lattice of a module
Remark. (i) Unlike the case of modules where C(M ) contains M , one cannot expect L to contain L. If we consider crystal lattices of a reducible Verma module and its irreducible Verma U qsubmodule, denoted by L 1 and L 2 respectively, although L 1 is isomorphic to L 2 , when talking about completions we are interested in their exact relationship and indeed L 2 L 1 . Moreover, we observe that there is no p ∈ Z such that q p L 2 ⊆ L 1 . In fact, the actions of the Kashiwara operators e and f on L 1 and L 2 are different, i.e., e M = ( e C(M) )| M and
(ii) Condition (iii) in Definition 3.4 is a very natural connection to expect between crystal lattices and completions. Also, we note that C(M )/M is a finite dimensional U q -module, thus condition (iii) gives a connection between crystal lattices arising from the B q -structures, i.e., in the sense of Definition 1.8, with crystal lattices arising from the U q -structures, i.e., in the sense of Definition
that L is a crystal lattice of a module M that is not complete.
Proof. Let n ∈ Z + . We note that since C(M )/M is a finite dimensional U q -module, then (C(M )/M ) e −n−2 = 0, and so C(M )
The claim now follows from Definition 3.4(i). I and let (L, B) be a crystal basis of M . Then:
Proof. Part (i) of the Lemma follows from Lemma 3.4 and from B being invariant under f . It is easily seen from Corollary 2.4 that B e n is a basis of (L n /qL n ) e , thus implying part (ii).
The next theorem verifies that the above definition of completeness for crystal bases is compatible with the notion of completeness for modules. Example. The modules T (n) for n ∈ Z + and M (n) for n ≥ −1 are complete, so their crystal bases defined in 3.3 and 3.2, respectively, are complete by the theorem. This can also be seen directly from the Definitions 3.4 and 3.5. Proof. By Theorem 3.5 and Corollary 3.5, in order to show existence, we need to consider only Verma modules in I which are not complete. Let M be a Verma module with highest weight −n − 2 for some n ∈ Z + and let L be its crystal lattice. Then L = ⊕ k≥0 Af (k) m 0 for some highest weight vector m 0 of M and L is clearly not complete. Since M has a completion C(M ) and
is a crystal basis of C(M ) and we claim it is a completion of (L, B).
It follows from subsection 3.1 that
The last equality is a consequence of the elements of 1 + qA being units in A.
We have 
.e., in order to complete L to a crystal lattice of C(M ) that is invariant under Kashiwara operators e C(M) and f C(M) , L has to be made "thinner" as an A-lattice in a particular way.
(ii) Using the proof of the previous proposition, we can also see the following. Let n ∈ Z + and let M = M (n) be the Verma module with highest weight n and M ′ its unique Verma submodule. Let L be any crystal lattice of M and L ′ any crystal lattice of
Proposition. Direct sum of completions of crystal bases is a completion of direct sum of crystal bases.
Proof.
. Since both crystal bases and completions of modules in I respect direct sums, (
On the other hand,
Condition (iii) now follows from crystal lattices respecting direct sums. Furthermore, it is easy to see thatφ( B 1 ⊔ B 2 ) =φ( B 1 ) ⊔φ( B 2 ) proving condition (2) of Definition 3.5.
Proof. It suffices to consider the case when M is a generalized eigenspace of the Casimir element with eigenvalue c n . If all of the L i are complete, then so is L 1 ⊕ L 2 ⊕ · · · ⊕ L k and we are done using Proposition 3.7 and Corollary 3.5. To simplify the notation we consider only the case when k = 2, L 1 is a crystal lattice of a Verma submodule of M with highest weight n, and L 2 is a crystal lattice of a Verma submodule of M of highest weight −n − 2. The proof of the general case is similar, but with more involved notation. It is clear that either
is a crystal lattice of a Verma submodule of M with highest weight n, so we assume it is L ′ 1 . Furthermore, it is then obvious from the condition
proving the lemma in this case.
It is convenient to have the following definition.
Definition. Let M 1 , M 2 be modules in I and let (L 1 , B 1 ), (L 2 , B 2 ) be crystal bases of M 1 , M 2 , respectively. We say that (L 1 , B 1 ) is strongly isomorphic to (L 2 , B 2 ) if there exists a B q -isomorphism ϕ : M 1 → M 2 such that (i) ϕ induces an isomorphism of the crystal bases (L 1 , B 1 ) and (L 2 , B 2 ); (ii) ϕ is weight-preserving; (iii) ϕ(Ker e| M1 ) = Ker e| M2 .
For example, any two standard crystal basis of a module in I are strongly isomorphic.
Proof of Theorem 3.6. By Definition 3.3, a standard crystal basis is a direct sum of crystal bases of the form (L (ri) , B (ri) ), for i = 1, ..., m, and crystal bases of the form (L {nj} , B {nj } ), for j = 1, ..., t, where the integers r i and n j depend on M , i.e., these are the highest weights of Verma and T modules present in a decomposition of M . The first claim of the theorem now follows from Propositions 3.6 and 3.7.
We now prove the uniqueness of completion of L. Since L is a standard crystal lattice of M , then L = L 1 ⊕ · · · ⊕ L k for some crystal lattices L i , i = 1, ..., k, of indecomposable U q -submodules In other words, m 0 ∈ L.
4.4.
In the last subsection, we show how an operator defined by Kashiwara in [6] can be applied to a certain A-lattice in order to deform it to a crystal lattice of the completion.
We consider the A-lattices L in M = M (−n − 2) and L ♯ in C(M ) where L = ⊕ k≥0 Af (k) m 0 and L ♯ = ⊕ k≥−n−1 Af (k) m 0 . Note that L is a crystal lattice of M , but L ♯ is not its completion. Actually, L ♯ is not even a crystal lattice since e(L ♯ ) L ♯ where e denotes the Kashiwara operator on C(M ). However, we will directly transform L ♯ to a completion of L.
Let △ = qt + q
Proof. We note that q −n−1 − 1 = aq −n−1 where a = 1 − q n+1 ∈ A × . It follows from (4.4) that (qt△) Therefore,
Hence, q −n(n+1) S n (qt△) − n 2 L ♯ is the A-lattice generated by the same vectors as in (4.3). Therefore, it is equal to the crystal lattice L from the Proposition 4.3 which is a completion of L.
